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Abstract
We show that on a complex Banach space X, the functions uniformly continuous on the closed
unit ball and holomorphic on the open unit ball that attain their norms are dense provided that X has
the Radon–Nikodym property. We also show that the same result holds for Banach spaces having
a strengthened version of the approximation property but considering just functions which are also
weakly uniformly continuous on the unit ball. We prove that there exists a polynomial such that for
any fixed positive integer k, it cannot be approximated by norm attaining polynomials with degree
less than k. For X = d∗(ω,1), a predual of a Lorentz sequence space, we prove that the product of
two polynomials with degree less than or equal two attains its norm if, and only if, each polynomial
attains its norm.
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Bishop–Phelps theorem extends a well-known fact for linear continuous functionals on
finite-dimensional spaces: all of them attain their norms. When dealing with an infinite-
dimensional Banach space the lack of compactness allows the existence of functionals that
do not attain their norms. Anyway, they can be approximated by norm attaining ones. A lot
of attention has been devoted to obtain extensions of this result for linear and multilinear
functions on Banach spaces. In this paper, we will deal with holomorphic functions and
(continuous) polynomials on Banach spaces.
Choi and Kim in [9, Theorem 2.7] proved that a Banach space X with the Radon–
Nikodym property satisfies that the set of norm attaining k-homogeneous polynomials on
X is dense in the set of all k-homogeneous polynomials on X. The same authors also
showed this result for a Banach space X with a shrinking and monotone basis that has the
Dunford–Pettis property. Acosta et al. [2] gave a counterexample of a sequence Banach
space X for which there is a 2-homogeneous polynomial that cannot be approximated by
norm attaining polynomials.
For a sequence space X, whose dual is the Lorentz space d(w,1), Jiménez-Sevilla and
Payá [12] characterized when X satisfies that the subset of norm attaining k-homogeneous
polynomials is dense in the set of all k-homogeneous polynomials. For the same sequence
space, Choi et al. [8] characterized the norm attaining polynomials of degree at most 2.
This class coincides with the subset of polynomials depending just on a finite number of
variables. Another result along the same line can be found in [14, Theorem 3.2].
We begin by introducing some notation in Section 2. Section 3 includes some positive
results on denseness. We will only consider complex Banach spaces along the whole paper
and the space Au(X) of uniformly continuous functions defined on the closed unit ball of
X whose restriction to the open unit ball are holomorphic functions. This space is a Banach
space under the sup norm.
Bourgain–Stegall’s perturbation principle is the key to show that the set of norm at-
taining elements in Au(X) is dense in Au(X) when X has the Radon–Nikodym property.
In fact, N -homogeneous polynomials on X can be perturbed by a product of N bounded
functionals in order to get a norm attaining polynomial. For those spaces X that are also
dual spaces, we can also use w∗-continuous functionals.
This is also true for the subset of norm attaining elements inAu(X) which are uniformly
weakly continuous on the closed unit ball when X has “plenty” of norm-one finite-rank
projections. This property is satisfied by C(K) and L1(µ), for example.
On the other hand, looking for a counterexample we study the polynomials on the
canonical predual of d(ω,1). In Section 4, we show that there exists a polynomial that
cannot be approximated by norm attaining polynomials with fixed degree. In fact, we
show that there is a 2-homogeneous polynomial P that cannot be approximated by norm
attaining elements in Au(d∗(ω,1)) which are holomorphic functions defined on a ball of
d∗(ω,1) centered at zero with a fixed radio (larger than e).
In the last section we draw our attention to norm attaining polynomials on X = c0 or
X = d∗(w,1). The geometry of these spaces allows us to prove that, for instance, if P is a
polynomial with degree 2 on X and Q is any polynomial on X, if for some m ∈ N, QPm
is nonzero and attains its norm, then P depends on a finite number of variables and so, it
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QnPm attains its norm if, and only if, Q and P attain their norms, if, and only if, Q and P
depend on a finite number of variables.
2. Definitions and notation
Throughout the paper X will be a complex Banach space and BX its closed unit ball.
A k-homogeneous polynomial P on X is a function P :X → C such that there is a
(bounded) k-linear form L on X satisfying that
P(x) = L(x, k. . . , x), ∀x ∈ X.
We will say that the k-linear form L is of finite type if it can be written as a finite sum
of k-linear forms such that each one of these can be expressed as a product of k linear
functionals. We will denote by Lkf (X) the space of the k-linear forms of finite type. If P is
associated to such a k-linear form, we will say that it is a finite-type polynomial.
In the following, Au(X) will be the Banach space of the holomorphic functions on the
open unit ball ˚BX of a complex Banach space X, which are uniformly continuous on the
closed unit ball of X, endowed with the sup norm andAwu(X) will be the subset ofAu(X)
containing the functions which are uniformly weakly continuous in the closed unit ball.
For an open subset U of X, as usual, H∞(U) denotes the Banach space of all holomorphic
and bounded functions on U , endowed with the sup norm. For a complex Banach space X
with a Schauder basis (en), πn :X → X will be the projection defined by πn(∑∞i=1 aiei) =∑n
i=1 aiei . Also we will say that an element f in Au(X) has finite support or depends on
a finite number of variables if there exists n such that f (x)= f (πn(x)) for all x ∈ BX .
3. Positive results on denseness
Next theorem is an extension of [9, Theorem 2.7] (see also [11] for a related result).
Theorem 3.1. Assume that a complex Banach space X has the Radon–Nikodym property.
Then for every function T ∈Au(X), every natural number N and every ε > 0, there is an
N -homogeneous polynomial Q on X, satisfying that ‖Q‖ < ε and T +Q attains its norm.
In fact, Q can be chosen to be a product of N functionals. As a consequence, the set of
norm attaining N -homogeneous polynomials is dense in the space of all N -homogeneous
polynomials.
Proof. This is a consequence of the Bourgain–Stegall result (see, for instance, [16, Theo-
rem 14]). We consider the real-valued f :BX → R given by
f (x) = max{∣∣T (λx)∣∣: λ ∈ C, |λ| 1} (x ∈ BX).
Since T is uniformly continuous and bounded, f is continuous and bounded.
Now, the above mentioned result gives us, for any ε > 0, a functional x∗ ∈ X∗ with
‖x∗‖ ε and such that the function f + Rex∗ attains its maximum value at the unit ball
at an element which we denote by x0.
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T is constant. If T is not a constant function we are going to show that ‖x0‖ = 1.
First, we know that
f (x) = f (λx), ∀λ ∈ C, |λ| = 1, x ∈ BX.
Hence, given x ∈ BX we can find |λ| = 1 such that f (x)+ |x∗(x)| = f (λx) + Rex∗(λx).
Thus,
sup
x∈BX
{
f (x)+ ∣∣x∗(x)∣∣}= sup
x∈BX
{
f (x)+ Rex∗(x)}.
Since f (x0) + Rex∗(x0)  f (x0) + |x∗(x0)|, we obtain that f (·) + |x∗(·)| attains its
maximum at x0. By continuity, there is a complex number λ0 with |λ0| = 1, such that
|T (λ0x0)| = f (x0). If ‖x0‖ < 1 then x∗(x0) = 0. In other case, by the definition of f , we
have that
f (x0) f
(
x0
‖x0‖
)
,
∣∣x∗(x0)∣∣<
∣∣∣∣x∗
(
x0
‖x0‖
)∣∣∣∣.
As a consequence
max
x∈BX
{
f (x)+ ∣∣x∗(x)∣∣}< f( x0‖x0‖
)
+
∣∣∣∣x∗
(
x0
‖x0‖
)∣∣∣∣,
a contradiction. Now
max
x∈BX
{
f (x)+ ∣∣x∗(x)∣∣}= ∣∣T (λ0x0)∣∣= f (x0) = max
x∈BX
{
f (x)
}= max
x∈BX
{∣∣T (x)∣∣},
and we obtain that T attains its norm at λ0x0 but ‖λ0x0‖ < 1. The modulus maximum
theorem implies that T is constant. So we can assume from now on that ‖x0‖ = 1.
We write x1 = λ0x0. If we choose a norm-one functional x∗1 ∈ X∗ such that x∗1 (x1) = 1,
we define
Q(x) = λx∗1 (x)N−1x∗(x) (x ∈ X),
where λ is a normalized complex number satisfying that∣∣T (x1)+ λx∗(x1)∣∣= ∣∣T (x1)∣∣+ ∣∣x∗(x1)∣∣. (3.1)
Q is an N -homogeneous polynomial satisfying that ‖Q‖ ‖x∗‖ < ε.
Given an element x ∈ BX , it is satisfied that∣∣T (x)+ λx∗1 (x)N−1x∗(x)∣∣ ∣∣T (x)∣∣+ ∣∣x∗(x)∣∣ ∣∣T (x1)∣∣+ ∣∣x∗(x1)∣∣
= ∣∣T (x1)+ λx∗1 (x1)N−1x∗(x1)∣∣.
Hence the holomorphic function T + Q attains its norm at x1. 
By proceeding as in the previous proof, but using a perturbed optimization principle
that allows to use weak-star continuous functionals to perturb a function defined on the
dual space of an Asplund space (see [3]), we can obtain the following version for dual
spaces.
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natural number N and every ε > 0, there is an N -homogeneous polynomial Q on X∗,
satisfying that ‖Q‖ < ε and T + Q attains its norm on X∗. In fact, Q can be chosen to be
a product of N weak-∗ continuous functionals.
Theorem 3.3. Let X be a complex Banach space satisfying the following condition: For
every finite-dimensional space F , every (bounded and linear) operator T :X → F and
ε > 0 there is a norm-one projection P :X → X with finite-dimensional range such that
‖T − T P‖  ε. Then, the subset of norm attaining holomorphic functions in Awu(X) is
dense in Awu(X).
Proof. The result we stated is a consequence of the following facts. The subset of con-
tinuous polynomials is always dense in Au(X). For the sake of completeness we sketch a
proof of this statement here: given f ∈Au(X) and n ∈ N, since f is uniformly continuous
on BX , it is the limit in Au(X) of the sequence of functions (fn)∞n=1 ⊂Au(X) defined by
fn(x) := f
(
n
n+1x
)
. But each function fn belongs to H∞
(
n+1
n
˚BX
)
. Thus, the Taylor series
expansion of fn at 0 converges uniformly to fn on the closed unit ball of X for all n ∈ N.
We will also use the well-known fact that given f ∈Awu(X), if ∑∞k=0 Pk is the Taylor
series expansion of f at 0, then Pn ∈ Pwu(kX) for all k. The proof for the algebra of
holomorphic functions on the open unit ball of a dual Banach space, that extend weak-star
continuously to the closed unit ball, can be found in [4, Lemma 2.1] and the same argument
works for our case.
Finally, the assumption on X implies that X∗ has the approximation property (see, for
instance, [13, Lemma 3.1]). Under these conditions the subspace of k-homogeneous poly-
nomials of finite type restricted to the closed unit ball of X is dense in Pwu(kX) (see
[6, Proposition 2.7] or [10, Proposition 2.8]). Thus, the subspace of the polynomials of
finite type restricted to the closed unit ball of X is dense in Awu(X).
Therefore, we will prove the announced statement just for polynomials of finite type.
Now we will use the same ideas appearing in the proof of [1, Theorem 3] to get that
every finite-type polynomial can be perturbed in order to get a norm attaining one which is
close to the original one.
Assume that P is a finite-type polynomial that can be written as a finite sum P =∑n
k=0 Pk , where each Pk is an homogeneous finite-type polynomial with degree k. Con-
sider the symmetric k-linear form Lk associated to the corresponding polynomial Pk . Since
Pk is a finite-type polynomial, then Tk :X →Lk−1f (X) given by
Tk(x)(x1, . . . , xk−1) = Lk(x, x1, . . . , xk−1) (x ∈ X)
is a linear finite-rank operator for any 1 k  n.
The direct sum of these operators, that is, the operator
T :X →
n⊕
k=1
Lk−1f (X)
given by
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is also of finite rank.
By using the assumption on X, given any ε > 0, there is a norm-one projection
π :X → X such that ‖T − T π‖  ε (we consider in the finite sum the maximum norm).
Let Ak be the symmetric k-linear form given by Ak := Lk ◦ (π, . . . , π), and let denote by
Qk the associated polynomial. It happens that Qk = Pk ◦π . Now, by [10, Lemma 1.9], for
‖x‖ 1 we have
∥∥Pk ◦ π(x)− Pk(x)∥∥=
∥∥∥∥∥
k−1∑
j=0
(
k
j
)
Lk
((
x − π(x))k−j ,π(x)j )
∥∥∥∥∥
=
∥∥∥∥∥
k−1∑
j=0
(
k
j
)
(Tk − Tk ◦ π)(x)
((
x − π(x))k−j−1,π(x)j)
∥∥∥∥∥

k−1∑
j=0
(
k
j
)
‖Tk − Tk ◦ π‖‖x‖
∥∥x − π(x)∥∥k−j−1∥∥π(x)∥∥j
 4kε.
Thus ‖Qk − Pk‖  4kε and so the polynomial Q = P0 + ∑nk=1 Qk satisfies that‖Q − P‖  n4nε and Q attains its norm since Q ◦ π = Q and π is a norm-one pro-
jection whose rank is finite dimensional and so the closed unit ball of the space π(X) is
compact. 
Now we give examples of Banach spaces satisfying the above property. But first of all,
following [15, Definition 1.g.1], let us recall that a Banach space X has a finite-dimensional
Schauder decomposition (FDD for short) if there is a sequence {Xn} of finite-dimensional
spaces such that every x in X has a unique representation of the form x = ∑∞n=1 xn,
where xn ∈ Xn for every n. In such a case, the projections given by Pn(x) = ∑ni=1 xi ,
are linear and bounded operators. If moreover, for every x∗ ∈ X∗, it is satisfied that
‖Pnx∗ − x∗‖ → 0, the FDD is called shrinking. The FDD is said to be monotone if
‖Pn‖ = 1 for every n.
Corollary 3.4. Assume that X is a complex Banach space satisfying at least one of the
following conditions:
(a) It has a shrinking and monotone finite-dimensional decomposition.
(b) X = C(K), for a compact and Hausdorff topological space K .
(c) X = Lp(µ), where µ is a finite measure and 1 p ∞.
Then the subset of the norm attaining holomorphic functions which are weakly uniformly
continuous on the closed unit ball of X is dense inAwu(X). In particular, for K a scattered
compact topological space, the subset of norm attaining holomorphic functions in Au(X)
is dense in the whole space.
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reformulation given by [13, Lemma 3.1] and so, it is sufficient to fix a finite number of
functionals {x∗i } (1 i  n) and prove that for any ε > 0, there is a norm-one projection P
on X, whose rank is finite and such that ‖P ∗y∗i − x∗i ‖ ε for some y∗i ∈ X∗ (1 i  n).
In the case (a), the above property is clearly satisfied. In fact, a certain projection asso-
ciated to the finite-dimensional decomposition does the job.
(b) C(K) and Lp(µ) also satisfy the condition of the Theorem 3.3 (see, for instance,
[13, Proposition 3.2]).
For K scattered, we have Pwu(kC(K)) =P(kC(K)) for all k (see [17, Corollary 4.4]).
Hence it happens that Awu(C(K)) =Au(C(K)). 
Corollary 3.5. If K is a scattered compact set, then the set of elements inAu(C(K)) which
attain their norm on extreme points of BC(K) is dense in Au(C(K)).
Proof. Since K is scattered, then dim(K) = 0 and Awu(C(K)) =Au(C(K)). By Corol-
lary 3.4 the subset of the norm attaining functions in Awu(C(K)) is dense in Awu(C(K)).
Finally, our conclusion follows from [7, Theorem 2.9], where it is proved that if dim(K)
 1 and T ∈Au(C(K)) attains its norm, then T attains its norm at an extreme point of the
unit ball of C(K). 
Remark 3.6. Given X and Y complex Banach spaces, Au(X,Y ) denotes the space of all
uniformly continuous mappings defined on the closed unit ball of X with values in Y ,
whose restriction to the open unit ball are holomorphic functions. Awu(X,Y ) is the sub-
space of Au(X,Y ) of all mappings which, moreover, are weakly uniformly continuous on
the closed unit ball of X. Yun Sung Choi has kindly pointed to us, and we gratefully ac-
knowledge, that with almost the same proof, there can be obtained vector-valued versions
of Theorem 3.1, Corollary 3.2 and Theorem 3.3. Explicitly
(i) Assume that a complex Banach space X has the Radon–Nikodym property. Then
for every Banach space Y , every mapping T ∈ Au(X,Y ), every natural number N
and every ε > 0, there are x∗1 , . . . , x∗N elements in X∗ and y0 ∈ Y such that the
N -homogeneous polynomial Q on X, given by Q(x) = x∗1 (x) . . .x∗N(x)y0, satisfies
that ‖Q‖ < ε and T +Q attains its norm.
(ii) Let X be a complex Banach space satisfying that for every finite-dimensional space F ,
every (bounded and linear) operator T :X → F and ε > 0 there is a norm-one pro-
jection P :X → X with finite-dimensional range such that ‖T − T P‖  ε. Then, the
subset of norm attaining holomorphic mappings inAwu(X,Y ) is dense inAwu(X,Y ).
4. A negative result
Definition 4.1. If w is a decreasing sequence of positive real numbers satisfying
limn wn = 0 and w /∈ 1, recall that the Lorentz sequence space d(w,1) is given by
d(w,1) =
{
y ∈ c0:
∞∑∣∣y∗(n)∣∣wn < +∞
}
,n=1
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dual d∗(w,1) of d(w,1) is given by
d∗(w,1) =
{
x ∈ c0: lim
n
∑n
k=1 |x∗(k)|
Wn
= 0
}
,
where Wn =∑nk=1 wk and it is a Banach space endowed with the norm
‖x‖ = sup
n
{∑n
k=1 |x∗(k)|
Wn
}
.
d∗(w,1) is a space with symmetric basis {en} that shares some of the properties of c0
(see, for instance, [18, Proposition 2.2] and [12, Lemma 2.2]). For a natural number N ,
[ei : i > N] denotes the subspace of d∗(w,1) of all z with min suppz > N .
In the following, we will denote by Φn the norms that appear implicitly in the definition
of the space d∗(w,1), that is,
Φn(x) = max
n
{∑n
i=1 |x∗(i)|
Wn
}
= max
{∑n
i=1 |x(σ(i))|
Wn
: σ :N → N injective
}
(x ∈ d∗(w,1)).
With this notation, the space d∗(w,1) and the norm is given by
d∗(w,1) =
{
x ∈ c0: lim
n
Φn(x) = 0
}
,
‖x‖ = max
n
{
Φn(x)
}
(x ∈ d∗(w,1)).
The following result is a strengthening of a previous version proved in [12, Lemma 2.2].
Lemma 4.2 [8, proof of Theorem 2]. Let X = d∗(w,1). If x0 ∈ SX , then there are a natural
number N and ε > 0 such that
z ∈ X, ‖z‖ < ε, min supp z > N ⇒ ‖x0 + λz‖ 1, ∀λ ∈ C, |λ| 1.
Theorem 4.3. Let X = d∗(w,1) with w ∈ 2 \ 1 and R > e. The polynomial P given by
P(x) =
∑∞
i=1 x(i)2∑∞
i=1 w2i
(x ∈ X)
cannot be approximated (in the norm of Au(X)) by a bounded set of elements f of
H∞(R ˚BX) such that the restriction of each f to BX is a norm attaining element inAu(X).
Proof. In [8, Example 7] it is proved that P has norm one.
Let us fix M > 0. In view of the Stirling formula, there is a real number K > 0 such that
mm
m! em K, ∀m ∈ N. (4.1)
Let r = e/R. Since 0 < r < 1, there is a natural number h0 such that
KM
∞∑ (m
2
)
rm <
1
4
. (4.2)m=h0+1
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h0∑
m=3
(
m
2
)
mm
m! ε <
1
4
. (4.3)
We will argue by contradiction. So, assume that there exists f ∈ H∞(R ˚BX) such that
f|BX is norm attaining, supx∈RBX |f (x)|M and ‖f − P‖ < ε. Let x0 be a point in SX
where f attains its norm. By Lemma 4.2 there exists a natural number N and 0 < δ < 1
such that for all z ∈ X with ‖z‖ < δ and min supp z > N it follows that ‖x0 +λz‖ 1 for all
λ ∈ C with |λ| 1. By the maximum modulus theorem the function gz(λ) := f (x0 + λz)
is constant, hence f (x0 + z) = f (x0) for all z ∈ X such that ‖z‖ < δ and min supp z > N .
We will denote by
∑∞
i=0 Pi(x) the Taylor series expansion of f at x ∈ ˚BX and Ai the
multilinear mapping associated to Pi(0) for i ∈ N.
By the Cauchy inequalities (see, for instance, [10, Proposition 3.2]) we obtain∥∥P2(0)− P∥∥ ‖f − P‖ < ε and ∥∥Pk(0)∥∥ ‖f − P‖ < ε for k  3. (4.4)
By using Taylor series expansions we have that Pk(x0)(x) =∑∞i=k (ik)Ai(xi−k0 , xk) for
all x ∈ X.
Since f (x0) = f (x0 + z) =∑∞0 Pm(x0)(z) for all z ∈ X with ‖z‖ < δ and min suppz
> N it follows that Pm(x0)(z) = 0 for all m 1. Thus,
0 = P2(x0)(z) = P2(0)(z)+
∞∑
m=3
(
m
2
)
Am
(
xm−20 , z
2). (4.5)
For every m ∈ N such that 3m h0 we obtain∣∣∣∣
(
m
2
)
Am
(
xm−20 , z
2)∣∣∣∣
(
m
2
)
‖Am‖‖x0‖m−2‖z‖2

(
m
2
)
‖Am‖
(
m
2
)
mm
m!
∥∥Pm(0)∥∥

(
m
2
)
mm
m! ε (by (4.4)). (4.6)
For every m ∈ N such that h0 + 1m it is satisfied that∣∣∣∣
(
m
2
)
Am
(
xm−20 , z
2)∣∣∣∣
(
m
2
)
‖Am‖‖x0‖m−2‖z‖2

(
m
2
)
‖Am‖
(
m
2
)
mm
m!
∥∥Pm(0)∥∥

(
m
2
)
mm
m!
(
r
e
)m
sup
x∈(e/r)BX
∣∣f (x)∣∣ (by Cauchy inequalities)

(
m
2
)
mm
m! em r
mM
KM
(
m
)
rm (by (4.1)). (4.7)2
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∥∥P2(0)∥∥[ei : i>N] = sup
{∣∣∣∣∣
∞∑
m=3
(
m
2
)
Am
(
xm−20 , z
2)∣∣∣∣∣: z ∈ [ei : i > N]
}
<
h0∑
m=3
(
m
2
)
mm
m! ε + KM
∞∑
m=h0+1
(
m
2
)
rm (by (4.6) and (4.7))
<
1
4
+ 1
4
= 1
2
(by (4.3) and (4.2)). (4.8)
On the other hand, we know that∥∥P2(0)∥∥[ei : i>N]  ‖P‖[ei : i>N] − ∥∥P2(0)− P∥∥[ei : i>N]
= 1 − ∥∥P2(0)− P∥∥[ei : i>N]
 1 − ∥∥P2(0)− P∥∥ 1 − ε > 12 (by (4.4)).
The last inequality contradicts (4.8). 
Corollary 4.4. Let X = d∗(w,1) with w ∈ 2 \ 1 and Pk(X) (k  2) be the Banach space
of all continuous polynomials on X of degree less than or equal to k. Then, the subset of
norm attaining polynomials in Pk(X) is not dense in Pk(X).
Proof. Let P be the polynomial given by
P(x) =
∑∞
i=1 x(i)2∑∞
i=1 w2i
(x ∈ X)
and suppose that there exists a sequence (Qn) ⊂ Pk(X) converging to P . We claim that
(Qn) is bounded in sBX for all s > 0. In fact, since (Qn) is converging then there is K > 0
such that ‖Qn‖K for all n.
We consider the canonical expression
Qn =
k∑
j=0
Qn,j ,
where each Qn,j is the corresponding homogeneous polynomial of degree j . By the
Cauchy inequalities we have that
‖Qn,j‖K
for all n and all j , hence supx∈sBX |Qn,j (x)|Ksj Ksk for all j and s > 1. Therefore,
sup
x∈sBX
∣∣Qn(x)∣∣ (k + 1)Ksk.
Now, by applying Theorem 4.3 for any s > e, we obtain the conclusion. 
Given 0 < s  1 and f ∈Au(X) we denote ‖f ‖s = sup{|f (x)|: ‖x‖ s}. Clearly ‖ ·‖s
is a norm on Au(X).
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is not dense in Au(X).
Proof. Consider
0 < s <
1
e
and P(x) =
∑∞
i=1 x(i)2∑∞
i=1 w2i
(x ∈ X).
Assume that there exists a sequence (fn) ⊂Au(X) of ‖ · ‖s -norms attaining functions such
that it converges to P(·/s) in Au(X). If we define gn(x)= fn(sx), we will have that all gn
attain their norms as elements of Au(X), they belong to H∞((1/s) ˚BX) and the sequence
(gn) converges to P in Au(X). This contradicts Theorem 4.3. 
5. On norm attaining polynomials
In this section we are going to deal with the following problem: Given R,T ∈Au(X)
such that RT attains its norm, can we conclude that R and T do attain their norm? In
general, the answer is negative but we are going to obtain some interesting positive answers
for the sequence space d∗(ω,1), a canonical predual of a Lorentz sequence space.
The next proposition gives a necessary condition on a couple of polynomials P,Q in
order that PQ attains its norm. We will say more if the polynomial Q = Pm , where P is a
polynomial of degree less than or equal to two.
Proposition 5.1. Assume that X is a complex Banach space and P,Q are nonzero poly-
nomials on X (not necessarily homogeneous). If the polynomial PQ attains its norm at a
point x0 ∈ SX and z ∈ X \ {0} is an element such that
‖x0 + λz‖ 1, ∀λ ∈ C, |λ| 1,
then it is satisfied that
P(x0 + λz) = P(x0), ∀λ ∈ C.
As a consequence, if Pm (m  1) is the homogeneous polynomial with maximum degree
appearing in the canonical expression of P , then it holds that
Pm(z) = 0.
Proof. Since the entire function f :C → C given by
f (λ) := P(x0 + λz)Q(x0 + λz) (λ ∈ C),
attains its maximum modulus on the closed disk {λ: |λ| 1}, at zero, then it is constant,
and hence
P(x0 + λz)Q(x0 + λz) = f (λ) = f (0) = P(x0)Q(x0), ∀λ ∈ C.
Since P and Q are polynomials, then the function f is expressed as a product of poly-
nomials. The fact that f is constant and nonnull, and the uniqueness of the Taylor series
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stant, and so
P(x0 + λz) = P(x0), ∀λ ∈ C.
As a consequence, the polynomial of degree m given by P(x0 + λz) is constant. Hence,
the coefficient of the homogeneous polynomial of degree m of the Taylor series expansion
is zero, that is, Pm(z) = 0. 
Corollary 5.2. Assume that X = c0 or X = d∗(w,1) (complex spaces). If P,Q are nonzero
homogeneous polynomials on X such that PQ attains its norm, then there is N such that
z ∈ X, min suppz > N ⇒ P(z) = Q(z) = 0.
For x∗ ∈ X∗, a ∈ C and a nonzero polynomial Q, if the polynomial (a + x∗)nQ attains its
norm, then there is N large enough such that x∗(en) = 0 for nN and hence x∗ attains
its norm ({en} is the usual Schauder basis of X).
Proof. It is sufficient to use the fact that both spaces satisfy that for any x0 ∈ SX , there is
N such that
∃ε > 0: z ∈ X, min supp z > N, ‖z‖ ε ⇒ ‖x0 + λz‖ 1, ∀λ ∈ C, |λ| 1.
The previous statement is trivially satisfied for c0 with ε = 1/2 and for the space d∗(w,1)
in view of Lemma 4.2.
The first assertion is a direct consequence of Proposition 5.1.
If x∗ = 0, then x∗(en) = 0 for every n. Otherwise, if x∗ = 0 and the polynomial
(a + x∗)nQ attains its norm at an element x0, then we apply Proposition 5.1 and we obtain
the announced result. Finally, in any of the spaces considered, since the usual vector basis
is monotone, then any element of the dual of X whose support is finite attains its norm. 
In [8, Theorem 2] it is proved that if a 2-homogeneous polynomial P on d∗(w,1) attains
its norm, then it depends on a finite number of variables. We have obtained the following
improvement.
Theorem 5.3. Let X = c0 or X = d∗(w,1). Assume that P is a nonzero polynomial of
degree 2 on X and let Q be a nonzero continuous polynomial on X. Given m ∈ N, if the
product QPm attains its norm then P depends on a finite number of variables and hence
P also attains its norm.
Proof. By assumption we know that there is an element x0 in the unit sphere of X such
that ∣∣Q(x0)Pm(x0)∣∣= ‖QPm‖.
By Lemma 4.2 there is ε > 0 and N large enough so that
z ∈ X, ‖z‖ < ε, min supp z > N ⇒ ‖x0 + λz‖ 1, ∀λ ∈ C, |λ| 1. (5.1)
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Pm(x0 + λz) = Pm(x0), Q(x0 + λz) = Q(x0), ∀λ ∈ C, (5.2)
hence,
P(x0 + z) = P(x0), Q(x0 + z) = Q(x0), ∀z ∈ X, min suppz > N, (5.3)
that is
P
(
N∑
k=1
x0(k)ek + z
)
= P(x0), Q
(
N∑
k=1
x0(k)ek + z
)
= Q(x0),
∀z ∈ X, min suppz > N. (5.4)
We put x1 = ∑Nk=1 x0(k)ek . We can assume that x0(k) = 0 for all k = 1, . . . ,N and
‖∑Nk=1 x0(k)ek‖ = 1. Thus, we have that QPm attains its norm at x1. By hypothesis
P(x) = a + x∗(x)+ P¯ (x), (5.5)
where a ∈ C, x∗ is a continuous linear functional and P¯ is a continuous 2-homogeneous
polynomial. Since
P(x1 + λz) = P(x1)+ λ
(
x∗(z)+ 2A(x1, z)
)+ λ2P¯ (z),
where A is the symmetric bilinear form associated to the polynomial P¯ , in view of (5.4)
we obtain
P¯ (z) = 0, x∗(z)+ 2A(x1, z) = 0, ∀z ∈ X, min suppz > N. (5.6)
As a consequence
A(ej , ek) = 0, x∗(ej )+ 2A(x1, ej ) = 0, ∀j, k > N. (5.7)
If we proved that x∗(ej ) = 0 and A(ek, ej ) = 0 for all 1  k  N and all j > N , then
we would conclude that P(
∑∞
k=1 x(k)ek) = P(
∑N
k=1 x(k)ek) for all x ∈ X, i.e., P would
depend on a finite number of variables and so it would attain its norm since the Schauder
basis of X is monotone.
To do so we are going to use an idea from [8, Theorem 2] and [5, Proposition 2].
We can clearly assume that the product QPm has norm one. Fix 1 k N , an element
z ∈ X satisfying that
‖z‖ ε, min supp z > N,
and a complex number λ with |λ| = 1. For any θ ∈ R, we write
x(θ) = eiθx0(k)ek +
N∑
h=k
h=1
x0(h)eh = x1 + (eiθ − 1)x0(k)ek.
It is satisfied that
1 = ‖QPm‖ ∣∣Q(x(θ)+ λz)Pm(x(θ)+ λz)∣∣. (5.8)
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the above expression coincides with∣∣Q(x(θ)+ λz)∣∣∣∣P (x(θ))+ λ2P¯ (z)+ λ(x∗(z)+ 2A(x1, z))
+ λ(eiθ − 1)x0(k)2A(ek, z)
∣∣m
= ∣∣Q(x(θ)+ λz)∣∣∣∣P (x(θ))+ λ(1 − eiθ )2x0(k)A(ek, z)∣∣m (by (5.6)).
If we choose as λ an appropriate complex number then we obtain that the above expres-
sion coincides with∣∣Q(x(θ)+ λz)∣∣(∣∣P (x(θ))∣∣+ |1 − eiθ |∣∣2x0(k)A(ek, z)∣∣)m. (5.9)
We will conclude that A(ek, z) = 0. Ir order to get such an equality we write
u(θ) = ∣∣Q(x(θ)+ λz)∣∣1/m, f (θ) = ∣∣P (x(θ))∣∣ and g(θ) = |1 − eiθ |.
Inequality (5.8) and the expression (5.9) gives us
u(θ)
[
f (θ)+ 2g(θ)∣∣x0(k)A(ek, z)∣∣] 1,
that is,
2
∣∣x0(k)A(ek, z)∣∣ 1 − u(θ)f (θ)
u(θ)g(θ)
, ∀θ ∈ R.
The function |QPm| attains its maximum value at x1 and by (5.4) we know that∣∣Q(x1 + λz)Pm(x1)∣∣= ∣∣Q(x1)Pm(x1)∣∣= 1.
It holds that∥∥∥∥∥eiθx0(k)ek +
N∑
h=k
h=1
x0(h)eh + λz
∥∥∥∥∥ 1, ∀θ ∈ R,
hence the real function uf attains its maximum value at zero. Since it is real differentiable
at 0 and its derivative is continuous at zero, then it is satisfied that limt→0(uf )′(t) = 0. As
Q(x1 + λz) = Q(x1) = 0 we can take δ > 0 such that u is continuously differentiable on
the open interval (−δ, δ). Furthermore, g(θ) = 2 sin(θ/2) whenever 0  θ  π/2 and we
obtain that
lim
θ→0+
(ug)′(θ) = ∣∣Q(x1)∣∣1/m = 0.
Hence, by L’Hôpital theorem we obtain that A(ek, z) = 0 for all k  N and then
A(x1, z) = 0 for all z ∈ X, min suppz > N . Now, by (5.6) we obtain that x∗(ej ) = 0 for all
j > N . 
Corollary 5.4. Let X = c0 or X = d∗(w,1) and assume that P and Q are two nonzero
polynomials of degree less than or equal to 2 on X and m,n ∈ N. The product QnPm
attains its norm if and only if P and Q also attain their norms. That happens if and only if
Q and P have finite support.
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(i) If P(x) = a + x∗(x) and Q(x) = b + y∗(x), where x∗ and y∗ are continuous linear
forms and a, b ∈ C, it is sufficient to apply Corollary 5.2 to get that the functionals x∗, y∗
have finite support, then they attain their norm, since the usual Schauder basis of X is
monotone.
(ii) If Q = a + x∗ and P is a nonzero continuous polynomial of degree two, again we
apply Corollary 5.2 to obtain that Q depends on a finite number of variables and hence
attains its norm. On the other hand Theorem 5.3 implies that P depends on a finite number
of variables and hence it attains its norm.
(iii) If P and Q are two nonzero continuous polynomial of degree two, then as in case
(ii) we can apply Theorem 5.3 to both polynomials to obtain that P and Q depend on a
finite number of variables and then they attain their norms.
Clearly the converse also holds by using again a compactness argument since the
norm of a polynomial coincides with its maximum modulus on the unit ball of a finite-
dimensional space in the case that the polynomial has finite support. 
Example 5.5. For a sequence w ∈ 2\1, on the space d∗(w,1) we consider the polynomial
of degree two 1 −P , where
P(x) = 1
3
∑∞
i=1 w2i
∞∑
i=1
x(i)2.
We have that ‖1 −P‖ = 4/3 and 1 −P does not attain its norm in view of Proposition 5.1.
On the other hand, Q = 1/(1 − P ) ∈Au(d∗(w,1)),∥∥∥∥ 11 − P
∥∥∥∥= 11 − ‖P‖ = 32
and 1/(1 − P ) does not attain its norm. But (1−P)Q is identically 1 and it attains its norm.
Hence Theorem 5.3 is not true, in general, whenever Q is an element of Au(d∗(w,1)).
In spite of the above example the following theorem can be obtained with a proof very
similar to the one of Theorem 5.3.
Theorem 5.6. Let X = c0 or X = d∗(w,1) and assume that h is a nonzero holomorphic
function inAu(X) that depends on a finite number of variables. Assume that P is a nonzero
polynomial of degree 2 on X and m ∈ N. The product hPm attains its norm if and only if
P also attains its norm. That happens if and only if P has finite support.
Lemma 5.7 [8, Lemma 1]. Assume that 0 t  1, |α|, |β| 1 and |α| + |β| 1 + t . Then
|tα − β|n + (1 + t2)|α + tβ|n−1  (1 + t2)n
for all n 3. In fact, the equality holds for (α,β) = (t,−1).
Example 5.8. Let P and Q be any normalized polynomials on X = d∗(w,1). If we con-
sider the polynomials An,Bn given by
An(x) =
(
w2x(1)− x(2)
)n
, Bn(x) =
(
1 + w22
)(
x(1)+ w2x(2)
)n
(x ∈ X),
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‖AnQ+ Bn−1P‖
(
1 + w22
)n
, ‖An‖ = ‖An + Bn−1P‖,
and the polynomials An,An + Bn−1P attain their norms. Moreover, if P is any norm-one
polynomial satisfying that for every N ,
∃z ∈ X: min suppz > N, Pm(z) = 0
(Pm is the homogeneous polynomial with maximum degree in the canonical expression
of P ), then the polynomial Bn−1P does not attain its norm.
Proof. It is enough to apply Lemma 5.7 for t = w2, and (α,β) = (x(1), x(2)), where x
belongs to the unit ball of X and then we get that∣∣An(x)∣∣∣∣Q(x)∣∣+ ∣∣Bn−1(x)∣∣∣∣P(x)∣∣

∣∣An(x)∣∣+ ∣∣Bn−1(x)∣∣ (‖P‖ = ‖Q‖ = 1)
= ∣∣w2x(1)− x(2)∣∣n + (1 +w22)∣∣x(1)+ w2x(2)∣∣n−1

(
1 + w22
)n (by Lemma 5.7).
Until now we checked that
‖An + Bn−1P‖
(
1 + w22
)n
. (5.10)
Clearly, it is satisfied that(
1 + w22
)n = An(w2e1 − e2) ‖An‖.
On the other hand, if we assume that Q = 1, we know that(
1 + w22
)n  ‖An + Bn−1P‖
 (An + Bn−1P)(w2e1 − e2) = An(w2e1 − e2) =
(
1 + w22
)n
. (5.11)
From the inequalities (5.10) and (5.11) it follows that An + Bn−1P attains its norm at
w2e1 − e2
Also, since An is a power of a norm attaining functional, the polynomial An attains its
norm. In fact, by using the description of X∗ = d(w,1), we obtain that
‖An‖ =
∥∥w2e∗1 − e∗2∥∥nd(w,1) = (1 + w22)n.
Hence
‖An‖ = ‖An + Bn−1P‖ =
(
1 + w22
)n
and both polynomials attain their norms at w2e1 − e2.
Finally, if the homogeneous polynomial Pm satisfies that for any N there is z ∈ X with
min supp z > N and Pm(z) = 0, then P does not satisfy the necessary condition given in
Proposition 5.1 and so the polynomial Bn−1P does not attain its norm. 
Since for every natural number n, we can choose an homogeneous polynomial P with
degree n such that the above conditions on P are satisfied, then we can construct a norm
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maximum degree does not attain its norm and the homogeneous polynomial of minimum
degree attains its norm. On the other hand, by using as Q the polynomial given by
Q(x) = 1
(1 + w22)m
(
w2x(1)− x(2)
)m
(x ∈ X),
then since Q is a power of a norm-one functional, it has norm one. Clearly, since AnQ is a
power of a norm attaining functional, then it attains its norm, that is(
1 + w22
)n = ‖AnQ‖ = AnQ(w2e1 − e2).
Hence we can construct norm attaining polynomials which admit the form AnQ+Bn−1P
such that AnQ, the homogeneous polynomial with maximum degree, attains its norm and
Bn−1P cannot attain it, in view of the previous example. In order to do this, in the case
that w ∈ 2 \ 1, we can use, for instance, the polynomial P given by
P(x) = 1∑∞
i=1 w2i
∞∑
i=1
x(i)2 (x ∈ X).
By Theorem 4.3 we know that P does not attain its norm and has norm one. Without
assuming any extra condition on the sequence w, we can fix a functional y∗ ∈ SX∗ that
does not attain its norm (y∗ has no finite support) and use as P the polynomial given by
x → (y
∗(x)+ · · · + (y∗(x))m)
m
.
The previous polynomial does not attain its norm, since it does not satisfy the necessary
condition given in Corollary 5.2.
Example 5.9. Let us consider again X = d∗(w,1) (w ∈ 2 \ 1) and the polynomials on X
given by
An(x) =
(
w2x(1)− x(2)
)n
, Bn(x) =
(
1 + w22
)(
w2x(2)+ x(1)
)n
,
Cn(x) = 1
(1 + w22)n
(
w2x(1)− x(2)
)n
, P (x) = 1∑∞
i=1 w2i
∞∑
i=1
x(i)2 (x ∈ X).
We write
Dk,n := Ck(x)An(x)+ Bn−1(x)P (x) (x ∈ X).
If we define
Qn(x) =
n∑
i=1
D2,2i (x) (x ∈ d∗(w,1)),
then the Taylor series expansions of Qn of even orders are norm attaining polynomials
and this does not happen for the Taylor series expansions of odd order (for orders larger
than 3).
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it is the n-power of a norm-one functional on X. By Theorem 4.3, P has norm equal to
one.
For any x ∈ X such that ‖x‖ 1, by applying Lemma 5.7 for t = w2, we obtain∣∣Dk,n(x)∣∣ ∣∣An(x)∣∣+ ∣∣Bn−1(x)∣∣
= ∣∣w2x(1)− x(2)∣∣n + (1 + w22)∣∣x(1)+ w2x(2)∣∣n−1

(
1 + w22
)n (by Lemma 5.7) (5.12)
and for x0 = w2e1 − e2, we have∣∣An(x0)∣∣+ ∣∣Bn−1(x0)∣∣= (w22 + 1)n = Dk,n(x0).
Hence,
‖An‖ = An(w2e1 − e2) =
(
1 + w22
)n = Dk,n(w2e1 − e2) = ‖Dk,n‖. (5.13)
Consequently,
‖Dk,2i + Dk,2(i+1)‖ =
(
1 + w22
)2i + (1 + w22)2(i+1)
= (D2,i + D2,i+1)(w2e1 − e2) (5.14)
for all i ∈ N. As an immediate consequence, given n ∈ N, the polynomial Qn attains its
norm at w2e1 − e2. Actually
‖Qn‖ = Qn(w2e1 − e2) =
n∑
i=1
(
1 + w22
)2i
. (5.15)
On the other hand, we are going to show that the polynomials P2m+1 := Qm + B2m+1P
(1m n− 1) never attain their norms. We have
P2m+1(x) = C2(x)
m∑
i=1
A2i (x)+
(
m+1∑
i=1
B2i−1(x)
)
P(x).
Since
‖P2m+1‖
∣∣∣∣∣P2m+1
(
s∑
k=1
wkek
)∣∣∣∣∣= (1 + w22)
m+1∑
i=1
(
1 + w22
)2i−1
P
(
s∑
k=1
wkek
)
for all s  2 and it is also satisfied that
‖P‖ = 1 = lim
s
P
(
s∑
k=1
wkek
)
,
we obtain
‖P2m+1‖
m+1∑(
1 + w22
)2i
> ‖Qm‖. (5.16)
i=1
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element x0 in the unit sphere, then B2m+1(x0)P (x0) = 0. Moreover, by Lemma 4.2 and
Proposition 5.1, there exists N > 2 such that
P2m+1(x0 + z) = P2m+1(x0)
for every z in [ei : i > N]. Additionally, C2∑mi=1 A2i and∑m+1i=1 B2i−1 depend only on the
two first variables, hence the following equality holds:
B2m+1(x0)P (x0 + z) = B2m+1(x0)P (x0) (5.17)
for all z in [ei : i > N]. Since B2m+1(x0) = 0, (5.17) implies that P vanishes on [ei: i > N].
This is a contradiction with the fact that P(ek) = 0 for all k ∈ N.
Now, given Qn, its Taylor series expansion of order 2 is A2 that attains its norm. The
Taylor series expansion of Qn of order 3 is(
1 + w22
)(
w2x(2)+ x(1)
)
P(x)
and this polynomial does not attain its norm in view of Corollary 5.2. Finally, the Taylor
series expansions of Qn of even order greater than 2 are of the form Qj with j  n and all
of them attain their norms. The Taylor series expansions of Qn of odd order greater than 3
are P2m+1 with 1 j  n − 1 that never attain their norms. 
References
[1] M.D. Acosta, On multilinear mappings attaining their norms, Studia Math. 131 (1998) 155–165.
[2] M.D. Acosta, F. Aguirre, R. Payá, There is no bilinear Bishop–Phelps theorem, Israel J. Math. 93 (1996)
221–227.
[3] M.D. Acosta, J. Alaminos, D. García, M. Maestre, Perturbed optimization principle for dual spaces with the
Radon–Nikodym property, preprint.
[4] R. Aron, B. Cole, T.W. Gamelin, Weak-star continuous analytic functions, Canad. J. Math. 47 (1995) 673–
683.
[5] R.M. Aron, C. Boyd, Y.S. Choi, Unique Hahn–Banach theorems for spaces of homogeneous polynomials,
J. Austral. Math. Soc. 70 (2001) 387–400.
[6] R.M. Aron, J.B. Prolla, Polynomial approximation of differentiable functions on Banach spaces, J. Reine
Angew. Math. 313 (1980) 195–216.
[7] Y.S. Choi, D. García, S.G. Kim, M. Maestre, Norm or numerical radius attaining polynomials on C(K),
J. Math. Anal. Appl., in press.
[8] Y.S. Choi, K.H. Han, H.G. Song, Extensions of polynomials on preduals of Lorentz sequence spaces,
preprint.
[9] Y.S. Choi, S.G. Kim, Norm or numerical radius attaining multilinear mappings and polynomials, J. London
Math. Soc. 54 (1996) 135–147.
[10] S. Dineen, Complex Analysis on Infinite Dimensional Spaces, in: Springer Monographs in Math., Springer-
Verlag, London, 1999.
[11] C. Finet, P. Georgiev, Optimization by n-homogeneous polynomial perturbations, Bull. Soc. Roy. Sci.
Liège 70 (2001) 251–257.
[12] M. Jiménez-Sevilla, R. Payá, Norm attaining multilinear forms and polynomials on predual of Lorentz se-
quence spaces, Studia Math. 127 (1998) 99–112.
[13] J. Johnson, J. Wolfe, Norm attaining operators, Studia Math. 65 (1979) 7–19.
[14] A. Kamin´ska, H.J. Lee, On uniqueness of extension of homogeneous polynomials, preprint.
[15] J. Lindenstrauss, L. Tzafriri, Classical Banach Spaces I, Springer-Verlag, Berlin, 1977.
644 M.D. Acosta et al. / J. Math. Anal. Appl. 297 (2004) 625–644[16] C. Stegall, Optimization and differentiation in Banach spaces, Linear Algebra Appl. 84 (1986) 191–211.
[17] A. Pełczyn´ski, A property of multilinear operations, Studia Math. 16 (1957) 173–182.
[18] D. Werner, New classes of Banach spaces which are M-ideals in their biduals, Math. Proc. Cambridge
Philos. Soc. 111 (1992) 337–354.
